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EFFICIENCY IN THE OPTIMUM SUPPLY
OF PUBLIC GOODS"

by

Lawrence J. Lau, Eytan Sheshinski and Joseph E. Stiglitz

5 Introduction

When the government's production of public goods is financed by
distortionary taxes, the conventional optimality rule of equality between
tne sum of marginal rates of substitution and the marginal rate of
transformation (Samuelson [1954] ) has to be modified so as to take
account of the excess-burden created by the means of finance. The
importance of this modification has already been recognized by Pigou
[1947], and has recently been treated formally by Atkinson and Stern
[1974]). These authors have examined the question of whether the opti-
mum output levels of public goods financed by distortionary taxation are
larger or smaller than their levels in the full optimum with lump-sum
taxation. One expects intuitively that with distortionary taxation the
conventional rule will overestimate the net benefits of public goods, but
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it has been shown that dependence of private consumption, and hence of
tax revenue, on the supply of public goods, may reverse the intuitive
conclusion.

In this paper we are concerned with a different, though related,
basic question: Under what circumstances is the optimum allocation of
expenditures between various public goods unaffected by a certain
decentralization of decision making. That is, when can the relative
optimum levels of public goods be determined without information con-
cerning the effects on the equilibrium quantities of the specific taxes
used to finance their production?

This independence is of importance for a number of reasons. In
principle, decisions concerning taxation, distribution, and expenditure
sholld 53 ™ade simultaneously. In practice, however, different
agencies within the governmefit ar= ~oncerned with the different govern-
mental functions, Thus, Musgrave's [1959] czaventional division of the
branches of the government may be thzaght of as more than just ana-
lytical distinctions. On the otker hand, the sense in which the different
branches can carry on ineir business separately from one another is not
made clear ; 2qusgrave (or in most of the subsequent literature), and
the ~"rditions under which various schemes of decentralization will lead
t0 a full optimum are not known,

In general, varying the supply of a public good will vary the
demand for various private goods (or the supply of factors), thereby
varying government revenues. There is thus a fundamental interdepend-
ence between decisions about the relative quantities supplied of various
public goods and the structure of taxation for the finance of these goods.
As a consequence, in general the marginal rate of substitution between
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two public goods is not equal at the optimum to their marginal rate of
transformation (the ratio of the‘ producer prices). But under certain
circumstances it is; and in that case, the task of the "office of public
goods allocation' is greatly simplified: it takes its budget, and "all" it
has to do is to ascertain the marginal rates of substitution of individuals,
a problem for which there appear to be now standard procedures (see,
e.g., Groves and Ledyard [1976] and Green and Laffont {1974]). In
some cases, the marginal rates of substitution will vary as the taxes
vary; in others they will not. This distinction should affect the iterative
procedures adopted to reach an optimum, but not the optimum condition
itself.

The basic question of this paper is examined against two alterna-
tive assumptions. First we inquire about the conditions under which
the allocative independence of production of public goods and taxation
holds for any arbitrary set of taxes. It is shown that for this to hold,
it is necessary and sufficient that the partial derivative of the demand
of each private taxable good with respect to the vector of quantities of
public goods be proportional to the marginal utility of the vector of
quantities of public goods. Second, we analyze how the previous
answer changes when tax levels are chosen optimally (so as to mini-
mize the dead-weight loss). We are able to characterize the set of
indirect utility functions for which this is the case. As expected, the
assumption of optimum taxation widens considerably the possibilities
for independent optimum expenditure .and tax decisions. With regard to
the class of utility functions which admits efficiency, we provide a
number of sufficient conditions, none of which requires proportionality
as in the arbitrary excise tax case. Obviously, tholtrohpr condition
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suffices also when taxes are optimum. As a special case of practical
importance, we prove that among all direct additive utility functions,
the only utility functions which "work'' are those with constant and
identical elasticities of substitution among the taxable commodities.
Although the analysis of this paper is couched in terms of a
representative individual, as usual, the validity of the results extends
to the case of many individuals provided there are optimum lump-sum

redistributions. i

When such redistributions are not undertaken, our
results provide simple conditions under which the allocative branch
still maintains efficiency in the supply of public goods, providing a
separation not only between the taxation and expenditure branches of
the government, but also between the expenditure and redistribution
branches.

The plan of the paper is as follows. Section 2 sets up the con-
sumer maximization conditions. Sections 3 and 4 treat the cases of
arbitrary and optimum taxes, respectively. Section 5 presents a proof
that the constant-elasticity-of-substitution utility function is the only
additive utility function which satisfies the conditions for efficiency

when taxes are chosen optimally but not when taxes are arbitrary.

2, r Utili zation
We distinguish between three groups of goods: nontaxable private

goods, taxable private goods and public goods. Let L=(L,,L,,... Lg),

X=(X;.Xg,...,X) and Z=(Z,,Z,,...,Z_) be the vectors of total
quantities of these goods, respectively. The dimensions s and n are
arbitrary but not less than one and the dimension m is arbitrary but
mwmm’ There is one consumer whose preferences are
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represented by the utility function U=U(L,X, Z). :

The consumer is assumed to maximize utility with respect to the
quantities of the private goods, taxable and nontaxable, subject to a
given vector of public goods, given consumer prices (which include the

excise taxes if any) and total income. Thus, his problem is

(2.1) Max U(L,X,Z)

’

(2.2) s.t. w¥'L+g*"X=1]

where w* is the vector of nominal consumer prices of the nontaxable
private goods, g* is the vector of nominal consumer prices of the
taxable private goods, and I is nominal total income, which may
depend on w*. For example, I may be equal to wt[., where w} is the
wage rate and L is the endowment of leisure. We define normalized
price vectors w = w*/I and q ® q*/I. Then the budget constraint

becomes
(2.3) wL+q'X=1,

Under suitable regularity conditions, there exists an indirect :
utility function V(w,q,Z) which gives the maximized value of utility ‘
for given values of w, q and Z. In particular, the optimum quantities
of L and X are given by Roy's Identity [1942] :




3. The Case with Arbitrary Excise Taxes

The government is assumed to maximize the consumer's utility
with respect to the quantities of public goods Z, taking the private
utility-maximizing behavior of the consumer, the producer prices of
the taxable goods, p, the excise taxes, (q-p), the prices of nontaxable
goods, w, and the producer prices of the public goods, r, as given,
and subject to a balanced budget constraint. : That is:

(3.1) Mzax Viw,q,2)
subject to
(3.2) (-p)’X -r'Z =0,

As before, both p and r are prices normalizad by total income.
Correspondingly, q-p is the vector of normalized excise taxes.

To solve the maximization problem, we may form the Lagrangean,
(3.3) IUw,q,Z,)) = V(w,q,2Z) - A [(q-p)'X-r'Z)

where \ is a scalar. The first-order necessary conditions for a maxi-
mum with respect to Z and \ are:

.0 =B -a[@prx-r]=o
(3.9) ﬁt-(q-p)'x-r'z-o.

wommqnbuhm mt‘mthocoudmmon
w-.q.mmmmmu 4) and (3. 8) hold, ,z
also proportional, mwwm to r, for arbitrary
w,q, pandr? Equivalently, uwuﬁh marginal rates of substi-
tution, when do equation u‘nu (3.9) tmply that:
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av au
r
(3.6) — -—‘-)-,—‘. 1=3,3,...,m,
v au 1
1 z1

for all public goods?

If g‘z,- were to be proportional to r at the optimum, then we have:
(3.7) ugy=r

where u is a scalar function of w, q, p and r, Substituting equation
(3.17) into equation (3.4), we obtain:

(3.8) % -Mzlarx-ufg]=o
or
(3.9) g%'rT' ':‘ o [ﬁtq-p)'x] :

If, in addition, we assume that given w, q and p, every value of Z is
potentially a solution of equations (3. 4) and (3. 5) which satisfies.
equation (3. 6) for some choice of r, then equation (3. 9) must hold for
every value of Z, for any given w, q and p. Our objective is to
characterize the class of indirect utility functions V(w,q,Z) for which
equation (3.9) holds idmﬁuny for some u1. In order for this to happen,

it is necessary and sufficient that

it AR L e
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(3.12) ?nv".’szin 1-112;-..,n,
or equivalently,

9q.X
(3.13) 3%~ 3z, i=12...n.

This condition may be interpreted as follows: the vector of marginal
changes in the demand (or equivalently the budget share) of the ith
taxable commodity with respect to Z must be proportional to the vector
of n';arginal utilities of Z. Interestingly, by a Lemma in Goldman and
Uzawa [1964], this condition is equivalent to the condition that the

demand functions be written in the form:
(3.14) Xi(w,q,Z) = fi(w,q.V(w,q,Z)), tW1.8,....08 .

In terms of the indirect utility function, the condition implied by
equation (3. 12) is equivalent, through Roy's Identity, to

v

(3.15) ~wz\-w——ww /. 1=12....n,
ZZ\ WL oW
av

9 % B
(3.186) ~3z\ = S L O

!
Tog*™ ow

The corresponding condition of the direct utility function is
given, through the Ldpndrc trtunofm'uumm.5 by
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‘i’f ou
(3.17) Y - i i=1,2,...,n
§ < EZ E-Z— L! 8U + x' aU i R !
£ 3u
§ o i3K;
£ (3.18) ~%Z 50— 00 i=1,2,...,n.
"- L' g2 + X'
. L X
g
14 We shall now prove the following:

<14

&
=

Theorem 1: Condition (3. 6) holds at the optimum (3. 4)-(3. 5) for
any arbitrary vector (q-p) if and only if the indirect utility function
satisfies equation (3. 15) or equivalently, if and only if the direct utility

function satisfies equation (3. 17).

Remark: A well-known example of a utility function which satis-
fies equation (3.17) is U(L,X,Z) = V(L,X,f(Z)) where (Z) is a real-
valued function. It is immediately apparent that X.( aU/axi)/ (X"(3U/9X)
+ LY(8U/3L)) depends on Z only through f(Z), i=1,2,...,n and thus
its derivative with respect to Z must be proportional to '
3U/dZ = (3U/3IX31/dZ). The indirect utility function which corresponds
to this direct utility function is V(w,q,f(Z)) which by the same argu-

ment is shown to satisfy equation (3. 15).

Proof: Necessity has already been shown in the text. We need
only show sufficiency. But if equation (3. 15) holds for all Z, w and q,
it implies equation (3. 12), which in turn implies equation (3. 10).
Substituting equation (3. 10) into equation (3.4), we find that av/dZ ~ r.
Q.E.D.

B LG SR A
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An indirect utility function which satisfies equation (3. 15) but

which is not completely separable in Z is
(3.19) V = V(w,q,H(Z,w))

where H(-) is homogeneous of any degree (including zero) in w.

Similarly, the direct utility function
(3.20) U =U(L,X,H(Z,L))

where H(-) is homogeneous of any degree (including zero) in L,
satisfies equation (3.17).

Finally, we give two examples of indirect utility functions which
satisfy equation (3. 15) but are not separable in Z. First,

b (3.21) v=v(X. z),

where q is a scalar variable (n = 1) and w and Z are vectors. It is

easy to verify that

v
] 9q 3 [ ~a -1
o B ;-%r_v'fq—,gz "57("::;:: )=o.
w q

; Second,
(3.23 V = H(F(w,q),w,2) ,

where H and F are real-valued functions and H is homogeneous of degree

zero in w for given F and Z. Then

v 9F
%, 5
9 Y 9 i
(3.29) —-—y = —3F  —3F - 0.
vl W ird
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Proportionality is thus trivially satisfied in both cases.
Examples of direct utility functions may be similarly constructed.

4, The Case with Optimum Excise Taxes

Suppose now that taxes are not predetermined, but chosen
optimally. That is, the government maximizes utility with respect to
both q and Z. The first-order necessary conditions for a maximum

are:
3. W Py %
(4.1) -5 X[E(q p)'X] 0.
oL _ 3V _ [ 9 e W
(4.2) 3z ~3Z " M3z (@a-P'X-r[=0.
(4. 3) g%-- (q-p)'X - r'Z = 0 .

Equation (4. 1) may be rewritten as:
3V _ 8K, .. ] .
(4.4) 3 x[x+3-3(q pi{=o0.
As before, we seek conditions on V(w,q, Z) such that at the
optimum,

(4.9 ugger,

which implies that equation (4, 2) may be rewritten as:

wo  F-rAa[Fen]

Obvioﬁly, if % ~g¥,' 1=1,3,...,n, equation (4. 6) is satisfied.
However, we do not require equation (4. 6) to hold for all possible (q-p).
Instead, we require it to hold only for the (q-p)'s which are optimum,
given w, p and r. I, in addition, we assume that given w and Z, every

N i) 8
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value of q is potentially a solution of equations (4. 3) and (4.4) for some
choice of p, then one can solve from equation (4. 4) for p or equivalently _ ¢
for (q-p) as that value for which a given q is optimum.

(4.7 (q-p) = % [%‘J"(%%- ""‘) 20y

Substituting equation (4. 7) into equation (4.6), we obtain;

By Roy's Identity, i s
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=R

-1
(4.12) [g%] "(Q'a V)[_i_ m

The condition for efficiency then becomes:

1
R aby 1 av  0%v . ov av' av
(4.13) 57~ 378a| po? o8V, 10V |00 ' 52 1 3w " |Ba | Ba

. 1 [ aty “ a%v '] av' | o2v
o Rt o L

4
1 g_! o’v s ']%\_r_'] av
qu52+'v.5;su i q 8q q q sq—

Equation (4. 13) constitutes the necessary and sufficient conditions on
the utility function for efficiency in the optimum supply of public goods
under the specified institutional arrangements. This is a set of non-
linear partial differential functional equations in V which we have not
been able to.solve explicitly. However, equation (4, 13) is useful in
proving sufficient conditions. That is, it can be used to verify whether
a given class of utility functions admits of efficient supply of public
goods when taxes are assumed to be chosen optimally. In addition, it
can be used as the basis for testing empirically whether the observed
consumption behavior is consistent with this type of utility function.
One set of sufficient conditions consists of ths following two

“.10) g [ m[on!—,.ﬁm'% ]w-]l v

[av oy a%y ]%‘é_']-l.
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and

av _| 3%y . 8%y
(4.15) 37 " maq-i-smw -

Obviously, equations (4.14) and (4. 15) together imply equation (4. 13).
Again, we have not been able to solve equations (4. 14) and (4. 15)
explicitly, However, using these equations, we can generate indirect
utility functions which fail to satisfy the conditions in Theorem 1 but
nevertheless satisfy equation (4. 13) when the excise taxes are chosen
optimally. In Theorem 2 we give a set of sufficient conditions for

- efficiency on the indirect utility function when the excise taxes are set

optimally.

Theorem 2: Condition (3.6) holds at the optimum (4. 1)-(4. 3)
with optimum taxation if the indirect utility function has the form
V = V(w,H(w,q,Z)), where H is homogeneous of degree one in q and
in addition satisfies the conditions:

(1) (8H/8qi)/(88/8q1). i=2,3,...,n is homogeneous of degree
zero in w; and
(ii) <aa/’az1)/(an/azl), i=2,3,...,m is homogeneous of degree

zero in w,

Before proving Theorem 2, we present the following Lemma 1 which
we shall need in the proof of the Theorem:

Lemma 1: Let A be a real, symmetric nonsingular n X n matrix
and a be a real nX 1 vector, then

S oy U T i “laara™!
(4.16)  [A-aa)lenTle S Al
{ ] (a'A”" "a-1)

provided a'A1, - 140,
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[A- n'][A : —Ai:-—l;A ll'A ]

-1 o
-1 -1, aa'A "aa'A
—T—aa'A - aa'A +—T—
(a'A "a-1) (a'A""a-1)

= 1 i
Q.E.D.

Proof of Theorem 2: To see that this utility function satisfies
equations (4. 14) and (4. 15), we first compute:

CRUNE 3% 8

2y 2y 2y "

8 2H 2Ty oH'  , 8V 8 9H av
(4.18) q= q+ q=

"T &T oq °H , 7 "3V | B5q

(4.19) m"ﬁ-m'i-mi-—-,wvd»mm

Homogeneity of degree zero of (?Wni) /(sa:l—l) in w implies that

(4.20 u%:&irz%ﬁ'; =0, 1=2,3,....n,

or equivalently,

(4.21) %w-%% L

whou&luaom nmoqwmu ll) (4.19) and (4. 21)
together, equation (4. mum
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where n is a scalar. By Lemma 1, equation (4. 22) may be rewritten as:

wm g-ak([]-1 m(] J

E A
where ' is another scalar. Sinee %‘:—' !-",'- ai is a scalar, (4.23)
implies o

4.20 3y~ ,';*[:—:}]dg .

By inverting equation (4. 18), we have:

wm olo

80 that equation (4. 34) becomes

(4.26) ﬂ-&q.

(4.27) &’.Vq- a= 5z (3% B a)

-;’z(gn) by homogeneity of degree one of H

v
"2

80 that equation (4. 14) and the first part of equation (4. 15) are satisfied.

A T —
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2

2
oH 9°V oV 9H
*szomow " t V2 H OZ

which is proportional to 3% . Hence equation (4.15) is also satisfied.
Q.E.D.

RS R AN s

: Note that the conditions of Theorem 2 do not imply the conditions
of Theorem 1. We may also add that in Theorem 2, if H were "'group-
wise inclusively homothetic"® in w, that is,

(4. 30) P w =1

O VS £ DT

o et

then it satisfies conditions (i) and (ii). We now present two special
cases satisfying the conditions of Theorem 2, which may be of practical
interest.

Case 1: V =V(w,q,Z) is homogeneous of degree 'kl in w and
in q. To prove that this case satisfies the conditions of Theorem

-kz

2, note that by homogeneity of degree -kz in q, one can write

ks

(4. 31) Viw,q,Z) = H(w,q,Z)

where H is homogeneous of degree one in q. Moreover, homogeneity
of degree -k, of V in w implies that H(w,q,Z) is homogeneous of
degree k,/ky in w, which in turn implies that 8H/3q and 3H/0Z are
both homogeneous of degree k,/k, in w and therefore the ratios,
(9H/0q,)/(9H/8q,) and (9H/8Z,)/(8H/DZ,), are all homogeneous of
degree zero.

e
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Case 2: V =V(w,H(q,Z)) where H is homogeneous of degree one
in q. It is easy to verify that the conditions of Theorem 2 are satisfied.
The direct utility function corresponding to this indirect utility function
is U(L ,H(X,Z)) where H is a homogeneous function in X.

Finally, we consider the widely used case of a utility function
linear in a single nontaxable good L.. This case, which implies zero
income effects in the demands for private goods, X, has been widely
discussed in the taxation literature (see, for example, Atkinson-Stiglitz
(1976]). We shall prove the following:

Theorem 3: Condition (3. 6) holds at the optimum (4. 1)-(4. 3) with
optimum taxation for an indirect utility function whose corresponding
direct utility function is linear in a single nontaxabl®? commodity L,
if and only if (3U/32,)/(3U/32,), i =2,3,..,m, is homogeneous of
degree zero in X,

Proof: It is well known that in this case the marginal utility of
income for the consumer is 1/w, independent of ¢ and Z. The indirect
utility function has the form:

w3 u(x,(2.2).... ,xh(%.z),z) - 21' dxi(iz2)+L

From Roy's Identity,

“.33) %-‘-w!f;

8q

ww Pk
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In order for %g- to be proportional to r at the optimum, whatever

the value of r, equation (4.9) must hold, which implies that

w3~ B[] =

--wi’z’% -':q -w-g-
-1
- dk %:.; :

We note that
o SRR
';’ﬁ%. since »-0.

Equation (4. 9) therefore implies and s implied by

(V019201 (0102, o homogemecus o

Q.E.D.
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where L is the quantity of a single nontaxable commodity and @, are
single-valued functions of Z, We seek conditions on the £.(- )'s, if any,
such that equation (4. 13) holds for the indirect utility function corres-
ponding to U(L,X,Z). Since U(L,X,Z) is linear in a single nontaxable
commodity L., Theorem 3 applies. Thus, we seek conditions under

which equation (4. 38) holds. By direct computation,

(5.2) g9= » fi'(xi.i(z))xii;iéz_)
i=1
6.9 & 74> Sl Z t '(xi.i(z))xi—é?._"' ) ,"(X;0(ZNX] o,(z»‘si(;—’
i=1 i=1
In order for
(5.4) t’;& X=y, gtzl.
it is necessary to have:
(5.5) Z t"(xiol(z»x’oi(z)i'gz_ -y i ”‘Xiq(znx‘“‘z
i i=1

where &; is a scalar function. But equation (5. 5) must hold for arbitrary
values of X, hence each term in the sum on the left-hand side must be
_nmmlyproporuountothocomcmumhthc sum on the right-
hndmlc resulting in:

‘":"‘I&fz’ﬁﬁ‘. 5 .
(‘-" ..! ’ i"a'}----‘-
,mummum.«'mmmu 6) depends only on X,




it must be a constant, say k. By a change of variables y = Xi’i(z)'

equation (5. 6) may be rewritten as:

g £,"vly
¥ (5.7) k, 123.%,....0
fi(y)

which may be successively integrated to:
& (5.8) lnfi'(y)'klny-'-cu. i=1,2,...,n
~ C

(5.9) ti(y)=e “yk, i=1.3,...,0

and

L1kt
(5.10) ‘i‘y)'_ﬁl_‘*'cai’ i*l.ﬂ....,n

wberdCu and C,, are constants of integration. Hence each f(-) must
have a power function form with a common power across all i, i=1,2,,... ,n,

We conclude that the direct utility function must have the form:

* +1

n
(5.11) U(L,X,2) = ), +C
k+1

i=1

+_ Cyu *
where ci =e and C = Z C.‘,i is an inconsequential constant. One
=

i=1
may verify directly that this utility function does not satisfy equation
(3.17) for an arbitrary choice of Q‘(Z)'l. Hence efficiency does not
MhMMMmmMM




YR G P T <1 AR

FOOTNOTES

This has been shown in the classic paper by Boiteux [1956] .

When s = 0, the solution to (4. 1)-(4. 3) below can be shown to
have the form q = up, u a scalar, and the supply of public
goods satisfies the efficiency condition (3.8). Obviously, this
is the case of lump-sum taxation, which entaiis efficiency in
the supply of public goods.

In the case of N identical individuals, utility depends on per-
capita consumption U[(L/N),(X/N),Z]. Since N is fixed
throughout, we set N = 1,

Note that by treating producer prices as given, we assume
implicitly that the unit production costs are independent of
the level of production. We also assume that private sector
profits, if any, are unaffected by the choice of Z,

For a discussion of the Legendre transformation in the context

of the direct and indirect utility functions, see, for instance,
Lau [1969] .

See Jorgenson and Lau [1975] .
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